We consider a forced oscillation and passage through resonance for an infinitelength system with time-varying parameters possessing a single trapped mode.
Introduction
In the paper, we consider a forced oscillation of an infinite-length mechanical system, with time-varying parameters, possessing a single trapped mode Gavrilov et al. (2019b) characterized by frequency Ω 0 (ǫτ ) (here, and in what follows, ǫ is a small parameter, τ is the time). The system is a string, lying on the Winkler foundation, and equipped with a discrete linear mass-spring oscillator of time-varying stiffness. The discrete oscillator is subjected to harmonic external force with constant frequencyΩ. In the case of the passage through the resonance, we obtain the principal term of the asymptotic expansion describing the motion of the inclusion (i.e., the mass-spring oscillator). To do this, we use the combination of two asymptotic approaches.
The first approach was suggested in Gavrilov and Indeitsev (2002) to describe a free localized oscillation in systems possessing a single trapped mode. It was successfully used to investigate various free localized oscillation of spatially non-uniform infinite length systems with time-varying properties Gavrilov (2006) ; Indeitsev et al. (2016) ; Gavrilov et al. ( , 2017 ; Shishkina et al. (2019) ; Gavrilov et al. (2019a,b) . In particular, in our recent study Gavrilov et al. (2019b) we used this approach to study a free localized oscillation in the system considered in this paper. The extensive bibliography on trapped modes and localized waves in infinite length linear systems can be found in recent papers Shishkina et al. (2019) ; Gavrilov et al. (2019a) and monograph Indeitsev et al. (2007) . The second approach was used in Kevorkian (1971 Kevorkian ( , 1974b to describe a forced oscillation and passage through the resonance in a single degree of freedom system (a linear oscillator).
The paper by Fowler & Lock Fowler and Lock (1922) was probably the first one (see Nayfeh (1973) ), where the resonant excitation of a linear system of ODE with slowly varying coefficients was considered from the asymptotic point of view. In the series of studies by Feschenko, Shkil & Nikolenko summarized in monograph Feschenko et al. (1967) the authors obtained the asymptotically simplified system of ODE describing the passage through the resonance in a system with several degrees of freedom (the same approach is discussed in Nayfeh (1973)). Kevorkian in Kevorkian (1971) obtained using the method of multiple scales the matched asymptotic expansion that is uniformly valid in both the resonant case ("the inner expansion") and in the non-resonant case (before and after the resonance, "the outer expansions"). In Ablowitz et al. (1973) Ablowitz, Funk & Newel demonstrated that the Kevorkian's solution for times 2 greater than the instant of resonance contained an error: the oscillation of order 1/ √ ǫ emerged near the resonance should never vanish after the resonance. This fact was in contradiction with results of Kevorkian (1971) . The error was also pointed out in Gautesen (1974) , where the problem was solved by a modified WKB approach. The error was resolved in erratum Kevorkian (1974b) . Skinner Skinner (1997) applied the stationary phase method to obtain the uniformly valid solution of the linear problem. The modification of the Kevorkian procedure for the case of a weakly nonlinear system with slowly varying properties are considered in many studies, see e.g. Ablowitz et al. (1973) ; Kevorkian (1974a) ; Lewin and Kevorkian (1978) ; Kevorkian (1980a,b) and many other references.
The paper is organized as follows. In Section 2 we consider the formulation of the problem. In Section 3 we present a summary of some known results related with free oscillation in the system under consideration. These results are necessary to consider the forced oscillation. In Section 4 the forced oscillation and passage through the resonance are considered. We obtain the principal singular term of the "inner expansion". In the particular case of a discrete oscillator with large enough stiffness and mass, the obtained formulas transform into formulas obtained in Kevorkian (1971 Kevorkian ( , 1974b 
Mathematical formulation
The governing equation for the system in dimensionless form is
Here, and in what follows, we denote by prime the derivative with respect to the spatial coordinate ξ and by overdot the derivative with respect to the time τ , u(ξ, τ ) is the displacements, p(τ ) is the given external force on the discrete oscillator, P (τ ) is the unknown force on the string from the discrete oscillator, constant M ≥ 0 is the mass in the discrete oscillator, K(τ ) is the spring stiffness for the discrete oscillator (a given function of time). We do not assume that K > 0 (hence, the spring stiffness can be negative Gavrilov et al. (2016) 
In order to consider forced oscillation, we put
whereΩ = const is the resonant frequency, H(τ ) is the Heaviside function.
The problem under consideration (1), (2), (3) is symmetric with respect to ξ = 0. Integrating (1) over ξ = 0 results in the following condition
Here, and in what follows, [µ] ≡ µ(ξ + 0) − µ(ξ − 0) for any arbitrary quantity µ.
Note that dropping out Eq.
(1) and putting the left-hand side of Eq. (2) to zero yields the equation describing passage through the resonance for a single degree of freedom system Kevorkian (1971) .
Free localized oscillation (some known results)
At first, consider the case K = const Gavrilov et al. (2019b Gavrilov et al. ( ,a, 2017 ; Glushkov et al. (2011) . Provided that restriction
is true, there exists a unique trapped mode with frequency 0 < Ω 0 < 1. The trapped mode frequency Ω 0 satisfies the frequency equation
One has:
where M = 0. In the special case M = 0 (an inertialess discrete oscillator, i.e.
a spring with a negative stiffness, see Eq. (6)), one gets
Inside the interval (6) one has
The boundary limiting values of Ω 0 are
The free localized oscillation in the case K = K(ǫτ ), where ǫ is a formal small parameter, is considered in Gavrilov et al. (2019b Gavrilov et al. ( , 2017 . It is shown that the amplitude of the free localized oscillation is proportional to the following quantity
Remark 1. In the limiting case
the last formula transforms Gavrilov et al. (2019b) into classical formula for a single degree of freedom system, where the amplitude is proportional to
In this sense, the system, where M = 0, is the farthest one from a single degree of freedom system.
Passage through resonance
The aim of this paper is to use the method of multiple scales to obtain a singular principal term of the asymptotic expansion of u(0, t) in a resonant case Kevorkian (1971); Feschenko et al. (1967) . In terminology of Kevorkian (1971) we look for the principal term of the inner expansion. We take a finite time interval [0, τ * ], and the frequency of external excitationΩ such that 0 <Ω < 1.
The case of an increasing stiffness
We assume (see Eqs. (10), (11)) that K(τ ) is a function such thaṫ
where τ 0 ∈ [0, τ * ] is the instant of resonance. We introduce slowly varying
We represent the spring stiffness in the form of the following expansion
6 or, equivalently,
Accordingly, one has
or
One can see that
where Ω 01 > 0 due to Eqs. (10), (14).
We represent the solution in the form of the following ansatz:
The variables X, T , ϕ are assumed to be independent. We use the following representations for the differential operators:
We require that wavenumber ω(X, T ) and frequency Ω(X, T ) satisfy dispersion relation
and equation
that follows from Eq. (22). We assume that
Additionally, we require that
The phase ϕ(ξ, τ ) should be defined by the formula
Applying differential operators (24) to u(ξ, τ ), given by Eq. (21), one obtains:
Here the wavenumberω = ±i 1 −Ω 2 corresponds to the frequencyΩ due to dispersion relation (25). Taking into account Eqs. (23), we get:
Substituting the above expressions into Eq. (5) and equating coefficients of like powers ǫ, one obtains that the term of order ǫ −1/2 equals zero identically due to frequency equation (7). The zeroth order term is
Note that putting the left-hand side of the last equation to zero yields the equation describing passage through the resonance for a single degree of freedom system Kevorkian (1971 
Now we equate the right-hand sides of Eqs. (32), (33), and get the equation for
Here
Substituting expressions (17),(19) into frequency equation (7) and equating coefficients of like powers, one can demonstrate that
Hence, Eq. (34) can be written as follows:
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The case of passage through the resonance for a single degree of freedom system Kevorkian (1971) can be formally obtained by the choice
Remark 2. In the limiting case (13) one gets
(see also Section 3 and Gavrilov et al. (2019b) ). Therefore, in the case (13) to Kevorkian (1971) , and taking into account the last inequality, we introduce
We can now rewrite Eq. (37) as follows:
Here and in what follows superscript "−" corresponds to the case T < 0, and "+" corresponds to T > 0. We search the solution of Eq. (41) in the following form:
where a ± are unknown constants,
One has
where erf(·) is the error function Abramowitz and Stegun (1972) , C(·), S(·) are the normalized Fresnel integrals Abramowitz and Stegun (1972) .
One can put Kevorkian (1974b) 
Since the solution must be continuous at the instant T = 0, we require
By virtue of Eq. (43), one gets:
Hence,
11 Thus, using Eq. (40) for η, we get:
where f (Ω) is defined by Eq. (35). Note that taking here f (Ω) in the form of Eq. (38) yields the classical result for a single degree of freedom system Kevorkian (1971 Kevorkian ( , 1974b . To obtain the physical displacements that correspond to the real part of the right-hand side of Eq. (4), one need to take the real part of Eq. (54).
The case of a decreasing stiffness
Consider now the case, whenK
In this case, the quantity K 1 in Eq. (17) is such that
Hence, due to Eq. (36), the quantity Ω 01 in Eq. (19) is also negative:
Taking into account the last inequality, and substituting Eq. (40) into Eq. (37), analogously to the case K 1 > 0 one gets
Here W (53)), respectively.
Numerics
To get the numerical results we use an approach based on finite difference schemes. The detailed description of the approach can be found in Gavrilov et al. (2019a,b) . In Figure 1 we compare the analytical and numerical results in the case of inertialess oscillator M = 0 with an increasing stiffness (see Remark 2, which clarifies the motivation of such a choice). In Figure 2 we compare the results for the same system in the case of a decreasing stiffness. In Figure 3 we compare the results for the system with a massive oscillator, where M = 2 in the case of an increasing stiffness.
One can see that the comparison demonstrates a good mutual agreement in a neighbourhood of the instant of resonance. One can observe also that the influence of the term of order O(1) is more noticeable in the case of a massive oscillator.
Conclusion
The most important result of the paper is the expressions (see Eqs. (52), (53) The obtained solution has a similar structure with the corresponding solution for a linear oscillator Kevorkian (1971 Kevorkian ( , 1974b . The difference is in the structure of function f (Ω) (see Eqs. (35), (38) In order to obtain an uniformly valid asymptotic solution for both nonresonant and resonant cases, we definitely need to obtain the next term (of order O(1)) for the resonant solution. This, probably, will allow us to match the corresponding terms in the resonant and non-resonant solutions. Note that the problem to determine the next term of the "inner expansion" seems to be much more complicated than the one considered in this paper. On the other hand, the expression for the next term of the resonant solution will contain unknown constants, which should be determined as a result of the matching. It may be a subject of a separate future study.
The results obtained in the paper can be useful, in particular, for the investigation of the internal resonances in a linear infinite-length system with time-varying parameters possessing several trapped modes with corresponding frequencies closed to each other (e.g., a string on the Winkler foundation with several distant moving discrete inclusions, see Vesnitskii and Metrikin (1992) ; Indeitsev et al. (2000) ).
